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ON THREE-DIMENSIONAL COMMUTATIVE
ALGEBRAS CONSTRUCTED BY MEANS OF
TWO-DIMENSIONAL ALGEBRAS

Arzikulova Marjona Hasan qizi
Navoi State University, PhD student
ORCID: https://orcid.org/0009-0003-2831-0350

Abstract. This paper is part of a series of studies devoted to the classification, up to isomorphism, of three-dimensional
commutative algebras over an arbitrary base field. The complete classification of finite-dimensional algebras is one of the
central problems of algebra theory, yet in the general case it is practically intractable, which is why small dimensions are
treated separately. The aim of the study is to construct the list of all three-dimensional commutative algebras containing
the two-dimensional algebra A, (8,,1) as a subalgebra over an arbitrary field F satisfying Char(F)#2,3 and F2=F. The work
employs the apparatus of the matrix of structure constants (MSC) together with the matrix form of isomorphism B=g-
'Ag®?). The equality Aut(A, (B,,1))={I} substantially narrows the group of basis changes preserving the chosen subalgebra
and makes this case essentially different from the previously studied A, (a,,a,,1-a, ). By means of a successive normalisa-
tion of the parameters and a case-by-case analysis, 30 families of algebras C,,...,C,; are obtained. The scientific novelty
of the work is that such a complete list for the subalgebra A, (8,,1) is presented for the first time. The result obtained
serves as a basis for the next stage of the classification - the elimination of redundant families by means of isomorphism
invariants.

Keywords: three-dimensional algebra, commutative algebra, subalgebra, isomorphism, automorphism group, matrix of
structure constants, classification, base field, canonical form.

Annotatsiya. Ushbu magqola ixtiyoriy asosiy maydon ustidagi uch o‘lchovli kommutativ algebralarni izomorfizmgacha
aniglikda tasniflashga bag‘ishlangan tadgigotlar turkumining bir gismi hisoblanadi. Chekli olchovli algebralarni toliq tas-
niflash algebra nazariyasining markaziy masalalaridan biri bo‘lib, umumiy holda uni yechish amalda deyarli imkonsiz, shu
bois kichik o‘lchamli hollar alohida o‘rganiladi. Tadgigotning magsadi - Char(F)#2,3 and F?=F shartlarini ganoatlantiruvchi
ixtiyoriy F maydon ustida ikki o‘lchovli A, (B,,1) algebrani gism algebra sifatida o'z ichiga oluvchi barcha uch oflchovli
kommutativ algebralar ro‘yxatini qurishdan iborat. Ishda tizimiy konstantalar matritsasi (TKM) apparati va izomorfizmning
B=g'Ag®?) ko'rinishidagi matritsaviy talginidan foydalanilgan. Aut(A, (8,,1))={I} tenglik tanlangan gism algebrani saglovchi
bazis almashtirishlar guruhini sezilarli darajada toraytiradi va bu holni ilgari qaralgan A, (a,,a,,1-a,) holidan tubdan farglan-
tiradi. Parametrlarni bosgichma-bosgich normallashtirish va hollarga ajratish usuli yordamida jami 30 ta algebra oilasi
C,.....C,, aniglandi. Ishning ilmiy yangiligi shundan iboratki, A, (8,,1) qism algebra uchun bunday to'liq ro‘yxat birinchi
marta keltirimogda. Olingan natija tasniflashning keyingi bosqichi - izomorfizm invariantlari yordamida ortiqcha oilalarni
yo‘qotish uchun asos bo'lib xizmat giladi.

Kalit so‘zlar: uch oflchovli algebra, kommutativ algebra, gism algebra, izomorfizm, avtomorfizmlar guruhi, tizimiy kon-
stantalar matritsasi, tasniflash, asosiy maydon, kanonik ko‘rinish.

AHHOTaums. HacTosLwasn ctaTbs SBMNAETCA YaCTblo LMKNa UCCNeaoBaHWi, MOCBSLLUEHHbIX Knaccudukaumm TpEXMEpPHbIX
KOMMYTaTMBHbIX anrebp Hag Npon3BOsibHbIM OCHOBHBIM MOMIEM C TOYHOCTbIO A0 13oMopdmama. MNonHas knaccudmkaums
KOHeYHOMepHbIX anrebp - ogHa M3 LeHTpanbHbIX 3agady Teopun anrebp, ogHako B obLieM cryyae oHa NpaKTUYecku
HepaspeLlunmMa, No3TOMy Manble pa3MepHOCTU M3yyaroTcs oTaenbHo. Llenb nccnegoBaHWs - MOCTPOWUTHL CMMCOK BCEX
TPEXMEPHbIX KOMMYTaTVBHbLIX anrebp, coaepxalumx OBymepHyto anrebpy A, (B,,1) B kadecTse nopanrebpbl, Hag
npou3BonbHelM nonem F, yooenetsopsitowwmm ycnosuam Char(F)#2,3 and F?=F. B pabote ucnonb3yeTcsi annapat
MaTpuLibl CTPYKTYpHbIX KOHCTaHT (MCK) 1 matpuyHas TpakToBka msomopdusma suaa B=g'Ag®?). PaseHcTBO Aut(A,
(B,,1))={I} cyuiecTBeHHO cyxaeT rpynny 3ameH 6Gasuca, COXpaHAKLMX BbiGpaHHy noganrebpy, U NpuUHLMNUANLHO
OTNWUYaeT AaHHbIV criyyaii oT paHee paccmoTpeHHoro A, (a,,0,,1-a,). C nomoLLblo nocriefoBaTernbHoM HopManusauum
napameTpoB v pasbopa cry4aes nosyveHo 30 cemencts anre6p C,,...,C, . Hay4Has HoBr3Ha paboTbl COCTOMT B TOM, YTO
TaKom MOIHbIN CNUCOK Ana noaanrebpbl A, (B,,1) npusoanTca Bnepsble. NonyYeHHbI pesynsTaTr Cry>XMT OCHOBOW Ans
criegytoLero atana knaccuduvkauum - ycTpaHeHns gyonmpyroLwmx CEMENCTB C NOMOLLbI0 MHBapUaHTOB M3oMopdur3ma
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KnioueBble crioBa: TpéxMepHasi anrebpa, KoMmyTaTuBHas anrebpa, noganrebpa, M13oMopdur3m, rpynrna asToMopgr3MOB,
mMaTpuLa CTPYKTYPHbIX KOHCTAHT, KIaccudukaums, OCHOBHOE Morie, kKaHoHUYeckas dhopma.

INTRODUCTION

The classification of finite-dimensional algebras up to isomorphism is one of the fundamental problems
of algebra theory, but solving it completely in the general case is practically impossible. For this reason,
researchers usually restrict themselves to algebras of small dimension: they construct candidate structures
on the basis of known algebras of lower dimension and then decide isomorphism between them by means of
structural invariants - the automorphism group, the derivation algebra and the like. Similar approaches are also
being applied in recent studies devoted to the classification of algebras over an arbitrary field. The topicality
of the subject lies in the fact that, although the complete classification of two-dimensional algebras is already
known, the final list for the three-dimensional case over an arbitrary field has still not been constructed; this calls
for a consistent and verifiable method of passing from the lower dimension to the higher one.

The object of the study is the three-dimensional commutative algebras over a base field F. The subject
of the study is the structure constants of those three-dimensional commutative algebras that contain the two-
dimensional algebra A, (B,,1) as a subalgebra, together with their canonical forms. The aim of the study is to
construct the complete list of such algebras under the conditions Char(F)#2,3 and F?=F. Proceeding from
this aim, the following tasks are set: (i) to write down the general form of the MSC of the three-dimensional
commutative algebras preserving the subalgebra A, (8,,1); (ii) to describe the group of basis changes that leave
this subalgebra invariant; (iii) under the action of that group, to normalise the free parameters step by step
and to examine all possible cases exhaustively; (iv) to present the canonical MSC corresponding to each case
together with its multiplication table.

The present paper constitutes the first stage of a series of studies aimed at classifying the three-dimensional
commutative algebras over a base field F satisfying F=F2. The general idea of the series is the following: to
construct and classify the structure of three-dimensional commutative algebras step by step, starting from a
known two-dimensional subalgebra of theirs. Recently, in [3], the subalgebra A, (a,,a,,1-a, ) was taken from
the list of two-dimensional algebras given in [1] and all the corresponding three-dimensional extensions were
constructed on that basis. In the present paper we consider the commutative case A, (,,1) of the family A,
(B,,B, ) from the list of [1]. Its essential difference is that, according to [2], Aut(A, (B,.B, ))={I}. This difference
between the automorphism groups is not accidental: it is precisely the elements of this group that are used
when canonical forms are constructed, and therefore whether it is trivial or non-trivial has a considerable
effect on the number and on the shape of the isomorphism classes obtained. For this reason, it is expedient to
present the cases A, and A, as two separate, independent results.

In this paper we construct all three-dimensional commutative algebras containing A, (8,,1) as a subalgebra,
under the conditions Char(F)#2,3 and F?=F on the base field F.

LITERATURE REVIEW

In recent years, the problem of classifying low-dimensional algebras over an arbitrary base field has taken
shape as a separate line of research. One of the principal results in this direction is the work [1] of U. Bekbaey,
in which the complete classification of all two-dimensional algebras over an arbitrary base field is given. The
author relies on the idea of identifying an algebra with its matrix of structure constants and of studying the orbits
of the action p(g,A)=gA(g")®?) of the group GL_ (F) on the space M_, , ) (F); as a result, the two-dimensional
algebras are listed in the form of several parametric families - among them the family A, (8,8, ) that is of interest
to us. That list serves as the starting material for the present paper.

In the work [2] of Sh. Eshmirzayev and U. Bekbaev, the automorphism group of every two-dimensional
algebra in that list is described completely. It is precisely this work that is of decisive importance for our study,
since it yields Aut(A, (B,.B, ))={l}. The triviality of the automorphism group, on the one hand, reduces the freedom
available for reduction to a canonical form and, on the other hand, simplifies the tree of cases - because the
transformations preserving the subspace are then confined to those that change e, only.

In the work [3] of I. Rakhimov and M. Arzikulova, the scheme described above was carried out for the two-
dimensional subalgebra A, (a,,a,,1-a, ), and all three-dimensional commutative extensions corresponding to it
were constructed. What distinguishes the present paper from [3] is that here the subalgebra taken is A, (8,,1),
whose automorphism group is trivial. As noted above, this is not a minor technical difference: whereas in the
case A, the non-trivial automorphisms of the subalgebra were used to eliminate superfluous parameters, here
the whole burden of normalisation falls on the transformations g that change the basis vector e, alone. As a
consequence, the tree of cases acquires a different structure and the final list turns out to have a different shape
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as well. Thus, although the list of two-dimensional algebras [1] and their automorphisms [2] are fully known in
the existing literature, the list of three-dimensional extensions based on the subalgebra A, (,,1) has not been
constructed so far; the present paper is aimed precisely at filling this gap.

RESEARCH METHODOLOGY

The study uses the method of representing algebras by their matrix of structure constants and of interpreting
the isomorphism relation as a matrix equation. The content of the method is as follows.

Let V be an n-dimensional vector space over a field F. An algebra system is introduced on this vector space
by means of a map -:VxV-V, (x,y)~x-y, satisfying the condition

(ax +By) - z=alx-z) + (y - 2),

where x,y,z€V and o,3€F.
Definition 1. Algebras A=(V,-, ) and B=(V,-, ) are said to be isomorphic if there exists an invertible linear map
f:V—V such that the equality

fay) =) g fy)

holds, where x,y€A.

Definition 2. An invertible linear map f:V—V is called an automorphism if the equality f(x-y)=f(x)-f(y) holds for
all x,yeA=(V,").

The set of all automorphisms of an algebra A forms a group with respect to composition and is denoted by
Aut(A).

Let A=(V,-) be an n-dimensional algebra over F and lete=(e ,e,,....e, ) beits basis. Then the bilinear map -:VxV-V
is expressed by means of an nxn? matrix (the matrix of structure constants, MSC for short)

1 1 1 1 1 1 1 1 1
all alz Taw aln a21 a22 Tl azn mw anl anz TEl avnn
2 2 2 2 2 2 2 2 2
A — atq aiz . A1n azq as- - azn . Ap1 An2 . Ann
n n n n n n n n n
all alz Taw aln a21 a22 Tl azn mw anl anz TEl avnn
where the ag‘} are defined as follows:

If a basis e has been fixed, the algebra A may be regarded as equivalent to its MSC AEM__, (F) of size (nxn?).
Hence from now on we assume the basis to be fixed, we make no distinction between the algebra A and its MSC A,
and we work with the matrices A. Commutativity implies e, e =e e, for i#}, that is, the i-th and the j-th columns of the
MSC coincide. For this reason C_(F) may be identified with MM __, (F).

The product in A is written with respect to the basis e as follows:

x-y=eAlx @ y),

where x=ex and y=ey are arbitrary elements, x=(x1,x2,...,xrl )" and y=(y1,y2,...,yrl )T are the coordinate column
vectors of x and y respectively, and xQy is the tensor (Kronecker) product of x and y. From now on, instead of the
product "x-y" in A we use the juxtaposition "xy".

Note that in terms of the MSC, Definition 1 may be rewritten as follows:

gB = Ag®? & B = g tAg®?,

and this gives rise to the following linear representation of GL_ (F)onM__ (F):
P (GLn(F), M,z (F)) = Moz (F): p(g,4) = gA(g~H)®2

Thus the problem of classifying algebras up to isomorphism reduces to the problem of describing the orbits
of the action p, one representative - a canonical MSC - being chosen from each orbit. In practice this is carried out
in the following stages: first the subalgebra is fixed and the group of transformations g preserving it is determined;
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then the product g Ac g®? is computed and, by means of the free parameters (X, y, z) occurring in it, the entries of
the matrix are successively turned into zeros or ones. Every normalisation step gives rise to a bifurcation of the
form "the expression is zero - the expression is non-zero"; each leaf of the tree thus obtained corresponds to a single
family of algebras. The fact that the tree has been examined in full guarantees the completeness of the result. All
symbolic computations were carried out with the aid of a computer algebra system and verified by hand.

We now return to the three-dimensional case and let

a az 4az 4ag Aas Aag Qay dag AQqq
A=|b1 b by by bs bg by bg bg
€4 €3 €3 €4 Cg Cg Cz Cg Cg

be the MSC of A. For a commutative algebra A its MSC is written as follows
a; a4z 4z dz d4s deg 43 Qs dg

A=|by by b3 by bs bg bz by bg
€p € (€3 C (€5 Cg C3 C4 Cg

ANALYSIS AND RESULTS

In this section, the main result of the paper - the complete list of the three-dimensional commutative algebras
in question - is presented, and its proof is set out in detail.

Theorem 1. The list of all three-dimensional commutative algebra systems that contain the two-dimensional
algebra A, (B,1) as a subalgebra and that can be constructed over a field F satisfying Char(F)#2,3 and F’=F is given
as follows:

1. @Ci: eje3 = ey + ze; + V3€3, €283 = V€3, €383 = @ge; + foe; + Yoes,
Bl! Uy, 1!33; ﬁ9! ¥3:¥Ve: Vo e F.

2. €y: eje; = ep; +Yy3z€3, €283 = V€3, €383 = g€y + fger + Yoes,
Bl! g, g‘;r ¥V3:Ve:Va € .

3. Cs: €83 = Vz€3. €283 = V€3, ezez = Uge; + Pge; + es,

B, s, F9,¥3, Ve € .

4. Cu:eje; = yz@3. €383 = V@3, €383 = €1 + [aes. 1, Ps.¥3, Ve € IF.

5. Cg:iejes; = yzes, €;83 = V€3, €3€3 = €3, B1,¥3, Ve € F.

6. Cg:ejes = yzes, €;83 = V€3, P1,V3, Ve € .

7. ©€;: eje; = e; +Yyze3, €383 = gl + €3. €383 = Age; + foe; + Yees,
B, ag, g, Bo, V3, Ve € TF.

8. Cg: €183 = Y3€e3, eze3 = €; + e3, €383 = age; + Poey + Yoes.

B1, a5, Bg, V3, V9 € F.

9. Cg: e1e3 = Y3€s, e,85 = e, + es, €385 = g€y + Bges + e,
Bi,as, Bs,v3 € F.

10. Cyg: €183 = Y3€3, €283 = €; + €3, ese3 = e, + [fsey, 1, Bs, ¥z € F.

11. €14: e;e3 = y3e3, e,€3 = e; + €3, eze3 = €3, f1,¥s € IF.

12. € 5: e;e5 = yze;, eze3 = e3, B1,¥s € F.

13. Ci3: e,e5 = Pzes + (2B, + 1)es. eses = e, + €3, ezes = age, + fPoes +

Yo€s. B1, @9, B3, B, ¥9 € IF.
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14. C14: ejez3 — ex; + (26 + 1)ez, ezez — ez, ezes — age; + [oes + yoes,

B1, &g, Bo, Vo € IF.

15. €ys: eiez = (2B, + Des, €83 = €3, ezez = age; + Poey + ez,
B1, @, Bo € F.
16. €4t €103 = (21 + 1)es, eze3 = e3, ezez = e; + foez, 1, s € IF.
17. Cy7: e;es = (2B; + 1es, e;e3 = €3, ezes = e,, B € F.
18. Cyg: €183 = (2f; + 1)es, exe; = €3, f; € F.
1 1
age; + Boe,. g, ag, B3, Bg € .

1 1

Boes. ag, ag, By € TF.

1 1
21. Cyy: ejey = — €3, €163 = €. €363 = €; + €3, €363 = g€y + fye,.
g, 55 € F.

- _ 1 — 1 J— _
22. Cppre1€) = — €, 8,63 = €3, €363 = €3. €383 = €; + Boez. By € F.

- — 1 —_— 1 — —
23. Cy3- 48y = T B2- €163 = T €3. €383 = €3, €383 = €;.

- _ 1 — 1 J—
24. :I:Z‘i*' Elel — _ZEZ’ EIEE — 533_, EZEE — 83.

25. Cy5: e,e3 = fze; + Va€3. €83 = €; — €3, €383 = (g€, + foe; + Yoes.

By, @q, B3, Bs. V3. ¥ € F.

26. Coe: €183 = ey T Y383, €383 = —€3, €383 = g€y + ey + Vgeq,
B1,@s, s, V3, Ve € F.

27. Cyq: 8183 = V383, ;83 = —€3, €383 = g€y + foy + €3, 1, g, o, V3 €
IF.

28. Cyg: €183 = Y3€3, €83 = —€3, €383 = €; + fo€;. By, Pa. Vs € F.

29, Cog: €183 = YB3, €283 = —85., €383 = €5, fi,,¥3 € F.

30. Cgp: e 85 = yg€5, €263 = —€5.f3,,¥3 € F.

Proof. We carry out the proof in two steps: first, keeping the subalgebra A, (8,,1) fixed, we write down the
general form of all three-dimensional commutative algebras containing it; then, by means of a basis change (an
automorphism), we simplify this general form as far as possible and bring it to a canonical form.

Step 1: the subalgebra and its extension. The complete classification of two-dimensional algebras is given in [1],
and their automorphism groups in [2]. The list in [1] contains the family

0 1 1 0
A4(181”82) - (_31 5 1 —1)’ 181’-62 € I,

2

for which, according to [2], Aut(A, (B,,8,))={I}. This family is commutative when ,=1, thatis, when the relations

t.me/scupus_IST2100 https://ist-journal.uz

418




9/2026 SOCIAL, ECONOMIC, SCIENTIFIC, AND TECHNICAL ACADEMIC JOURNAL

eie; = Pr€y, €16y =€t ey e =—e, B EF
hold. It is precisely this commutative case that we denote below by A, (8,,1):

110)

A D=(g 1 1 1) Au(au,D) =),

We now consider a three-dimensional commutative algebra A whose basis {e ,e,} spans A, (8,,1); in the general
case, the products involving its third basis vector e, are expressed through the following unknown structure
constants:

€183 = €3€; = X3€; + Y38 + Z3€3, €383 = €36, = Xg€1 T Vg€, + Zge3,
€363 = X9€1 + Y9€3 + Zge3,
where X3, V3, Z3,X6, Y6, Z6, Xa, Yo, Zg € [F are arbitrary parameters. Hence the MSC of A (which we
denote by A°) consists of the known part corresponding to A, (8,,1) together with the 9 parameters above.
Step 2: the basis changes preserving the subalgebra. Since Aut(A, (8,,1))={I}, any linear transformation of A
that leaves the subspace {e ,e,} invariant and preserves the structure of A, (8,,1) on it must map e ,e, to themselves,

and e, to itself multiplied by a scalar z#0 with an arbitrary linear combination of e ,e, added. In other words, the
group of basis changes sought consists exactly of the matrices of the form

1 0 x
g=10 1 y)], z#0, x,y€EF
0 0 =z

Applying the equality & = A, < A, = g~ 1A§g®2 and acting by such an element g, we find the

canonical form of the MSC:

0 1 —xz3+x3z+y 1 0 —xZg+xz2+x  —XZ3+%2+y  —XZg+XZ2+X My
gAY =By 1 Pr-yztyizty 1 -1 Mg Pix—yzz +ysz+y Mas M2y
0 0 Z3 0 0 Zg Z3 Zg Mz,

where
M19 = —236223 + ((ng - Zg)z - 2y(_1 + Zﬁ))x + ZxGyZ + xgzz'
M26 == _(26 + 1)y + yGZ + X,

= —(22¢ + Dy? + ((=225 + 2)x — z(29 — 2y6) )y + B1x% + 2xy32 + yoz2,
M3q = 2x23 + 2y2z5 + Z24.

In order to remove the common expression M, occurring in positions (1,3) and (2,6) of the matrix above, we
takex = (zg + 1)y — yeZ; since this is a free choice of x, it does not change the isomorphism class. Then

g—lAcg@lZ
0 1 M'IS 1 0 Mlﬁ M13 Mlﬁ M19

0 0 =z 0 0 Zg Z3 Zg ((22,5 + Z)y - 2yﬁz) Z3 + 225y + 224
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Mz = ((—z¢ — Dy + y6z)z3 + X3z +,
M = ((_1 + Zg)Yye + xs)Z —yzZ +y,
Myg= —(2(z3 + Dzg + 223 — 2)(z6 + Dy? + (2((2z3 + 1)z + 225 — 1)y,
1
+2 (x3 — EZQ) Zg + 2x3 + 2x¢ — Z9)ZY
2 1 2

— (2}/623 + 2 (x3 — Ezg)ys — xg) z°,

Mys = ((z6 + DBy — 23 + 1)y — 2(B1ys — v3),

Myg =  (Br2é + (2B, — 223)z6 + By — 223 + 1)y?
—(2(B1ys — y3)z6 + 2(B1 — 23)ys — 23 + 20)zy + z*(P1yé — 2V3¥6 + ¥o).

Case 1. When 262 # 1, we take y = w we take . As a result, the MSC takes the following

2_
z;—1

form:

Myz = (2326 — 23+ Dxg + (=1 + 26) (326 + x5 + y5)) /(2 — 1),

1
M]_g = (—ngzg, + 2(—1 + Zﬁ) (xs — EZQ) Xg + XQ(—l + 26)2) /(_1 + 26)2,

1
My =———( ys2 + (Bixe = ys(z3 = 1))z6 + (B — 23 + 1)xg + yg(z3 — 1)
(Za 1)

_yB):

1
Mg = ——=( Yoz + (2x6Y3 — YsZo)Ze + (Byx§
(z5 —1)?

+(—=2y623 + 23 — Zo)Xe + Vo + VeZo — 2Y0)Z¢
+((2P1 — 223)x + (—2y3 + 2y6)xs — 2y% + Y620 )26
+(By — 223 + 1)x§ +((223 — 2)y6 — 2y3 +20) X6 + ¥
—YeZo + ¥o),

1
Mo = (2 (y5 + Ezg) 7§ + 2((2'3 + 1)ag — }'6)26 + 223%¢ _29) /(25 = 1).

Case 11. When M,; = 0, we take z = M1

. The MSC thereby reduces to

i3

the following form:

c, = g tatg®2 — B,

=
2
t
w
=
|
=
o
S
(&
w
o
5]
S
r
0
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1 .
Case 121. When M3 = 0 and M,5 = 0, we take z = . In this case the
23
MSC is as follows:
1
0 1 0 1 0 0 0 0 — Mg
J."fza
. 1
Co=g A% =|f 1 1 1 -1 0 1 0 —5My
Mg
1
o Q Z3 1] 1) Zg Zy Zg Mal}
J."fza

Case 1221. When M,; = 0 and M-z = 0 and Msq # 0, we take z = =

=29

This wields the following MSC:

001 0 1 0 0 0 0 —Mg
. ., 1]
o = — Ac‘ =22 — 1
279 08 B, 1 0 1 -1 0 0 0 —Mgy
M2,
[ LU a 1) Zg  Z3  Eg 1

Case 12221. When M,z = 0 and M-y = 0 and M3y = 0 and M4 # 0, we

take z2 = Ml As a result, the MSC takes the following form:

1%

1) 1 1] 1 0 0 0 0 1
1
Cy = H_lﬂ“fg@'z — ,El 1 1] i -1 0 0 0 EMH
o 0 =5 1] 1) E, Z3 Eg 0

Cﬂsﬂ 122221. “Fheﬂ MIE =0 aﬂd Mzg =0 ﬂ.ﬂd Mgg =10 a.'ﬂd Mlg =0

and M,q # 0, we take z° = > The MSC thereby reduces to the following

{Eag

form:
0o 1 o 1 © 0 0 0 O
;=g ag®*=|f 1 0 1 -1 0 0 0 1
1] 0 =z O 1] Eg EZ3 EZ5 0
Case 122222, We now consider the case My;; = 0 and M,z = 0 and
Mzg = 0 and Mo = 0 and M5y = 0; in this case the MSC 1s as follows:

0 1 a 1 0 0 0 0 0
Co=yg ag® =8 1 0 1 -1 0 0 0 0
o 0 =z; 0 0 Zg 23 Z5 O

Case 21. We consider the case z, = 1.

Miq
= (—2viz3 + (—2x3 + z5) v + x5)z° + (Byeza + 4x3 + 2x; — 225 ) vz

—_— 8}!223'
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Msq
5 1
= (4}5’1 —4z3 + 1]}' - (4 (ﬁl _EZE)}'-E- —4yz + 39)3?

+ 22 (Byye — 2yaye + o)

Msq = (_2}"62 + 4}']23 + 229 + 2.

Case 211. When 2, —z3 + 1 # 0. we take y = M. In this case

2E, -z 1
the MSC is as follows:
1 5 1 1 1
Mz = 32(_5}"523 + (—Exa + s + 5}5’5)23 + (i’fa +§}’5)ﬁl
1 1
+§x3 _E}'z]f(zﬁl —zz3 +1),
1 - 5 1 1 1 "
Mg = (20, — 2z + 1)2 ( —2ygzz + 4(}’5 + (_EIE + 2y3 + 4—39)}'5 + Exg)zi
1 5 1 1 1
+4(_E}’5 + [(173 - Eﬁfa _529)131 + x3 _Ezg
5 1 1 1
—2v3)ve — Xoffy — 2v3 + (1'3 ‘|‘Ex-5 - 529)3’3 - Ex-a]zz
1
+4((31xe — Xz +Eze)}'£- + xqf8; + (_33‘?3 — Xg ‘|‘39}}’3
1 1
+§Ig) (.31 + 5)};
1 a
Mo =GB~ t 12 (Ve — 2¥s29 + 4¥5)B7 + ((—23 + D)y

‘|‘((433 — 2)ys + z5(zz — 1))}’5 - 4‘3"&? + 2y3zg
—4yy(zz — 1))B; + 2ya(zz — 1)ye — 3}’32 —Zg(z3 — 1)¥;
‘|‘}f9{33 - 1}2},

Mg
i 1 1
=2 (J’ezs + (_2}’3 — Y6 — EZQ) z3 + (Ve +20)B1 — y3 + EZQ)
/(2B —z3 +1).

L This yields the following

Case 2111. When M5 = 0, we take z = v

13

MSC:
1 1 1
0 1 1 1 0 xg 1 Xg — Mg
Ml3 M13 MIB
1
C, =g 'a4Ag®* =15, 1 0 1 -1 0 0 0 M—zMzg
13
1
0 0 z; 0 O 1 5 1 Mg
M3
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Case 21121. When M;; = 0 and x4 # 0, we take z = = Asa result, the

Xg

MSC takes the following form:

1
0 1 0 1 0 1 0 1 —leg
Xg
1 @2 L
{:829 Acg = ng 1 0 1 —1 0 0 0 x_zng
]
1
0 0 2z 0 0 1 zg 1 —My
Xe

1

Case 211221. When M3 = 0 and xg = 0 and M3q # 0, we take z =

39

The MSC thereby reduces to the following form:

{Cg = g_lAcg®2’ = 1

Case 2112221. When M;3 = 0 and xg = 0 and M3¢ = 0 and M, # 0, we

1

take z2 = . In this case the MSC is as follows:
19
o 1. 0 1 o 1 0 1 1
1
Cyg = g taAg®* =L 1 O 1 -1 0 0 O M_zMzg
19
0 0 z; 0 0 1 z; 1 0

Case 21122221. When M;53 = 0 and xz = 0 and M3g = 0 and M;q = 0

1
Mao'

o 1 0o 1 0 1 0 1 0
-1 2 —_
Cy,y; =g 'ag® = (,c?l 1 0 1 1 0 0 ©o© 1)

0 0 z 0 0 1 z3 1 0

and M,q # 0, we take z2 =

This yields the following MSC:

Case 21122222, At the next step we deal with the case M;53 = 0 and x4 =
0 and M54 = 0 and M, = 0 and M,¢ = O; in this case the MSC is as follows:

0o 1 0 1 0 0 0 0 O
1 2 _
€, = g ta’g®? = (ﬁl 1 0 1 -1 0 0 0 0)

0 0 zz 0 0 1 z3 1 0

Case 212. We take 28, —z3 +1 = 0.

M3 = —y +x3z — 4B,y + 2P,1Y6z + Y62,

https://ist-journal.uz t.me/scupus_IST2100 @




SOCIAL, ECONOMIC, SCIENTIFIC, AND TECHNICAL ACADEMIC JOURNAL 9/2026

Mg = —8y2+ 8yyez + 4x32y — 2x32ysz — 16B1y% + 16B1yyez — 4P yé 2>
—2y2z% + 2yxez + X922 — 22yZo + ZZoVsZ,

Mjyy = —B1Yez + Y32,
Mg = —4P1y? + P1yéz? — 3y? + 4y3zy — 2y32YeZ + 2YYeZ + YozZ° — ZYZo,

Msg = 8By — 41 yez + 6y — 2YeZ + ZZq.

Case 2121. When 1 + 4f; # 0, we take y = (g +J;6;2‘8ﬁ1y6)2. As a result,
1

the MSC takes the following form:

1

Mo = a7 apz

—8(2p1 + 1)(2P1ys + x3 + Ye)?

+(4By + D)2(—4P1yE — 2x3Y6 + Xg — 2VE + VeZo)
+2(46, + 1)(2B1Y6 + x3 + Y6) (8B1Ys + 2x5 + X6 + 4y
—Zg)),

My3 = —f1Y6 + Y3,

M3q = m( (4B, + D)2(P1YE — 2V3Vs + Vo)
+(481 + 1)(4ys + 2y — 20)(21V6 + X3 + Ve)
— (4B, +3)(2B1ye + x3 + ¥g)?),
1
M3q ( BBi1x3 +8B1¥Ve + 1687V — 128,V — 1687V + 6X3 + 6Y,

T 1+ 4B,
+12(,¥e — 2¥Vs + 29 + 4256,).

Case 21211. When xg = 0, we take z = i The MSC thereby reduces to

Keg

the following form:

0o 1 0 1 0 1 0 1 =M,
&
. 1 1 1
1{:13 = g—ld{_'g@‘. = 'E?]. 1 _M23 1 _l D _ﬂ‘fza U‘ _:Mzg
IE X.'E IE
1
0 0 2ﬁ1+1 0 0 1 2ﬁ1+1 1 — M.
Xg
1 .
Case 212121, When x, = 0 and M, = 0, we take z = . In this case
a2
the MSC 1s as follows:
1
0 1 0 1 0 ] 0 o0 —M
Mz,
. 1
C,=g'a%9® =8, 1 1 1 -1 0 1 0 — My
M54

0 0 25 +1 0 0 1 25 +1 1 EMH
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Case 2121221. When x, =0 and M,; = 0 and M, # 0, we take z =

. This yields the following MSC:

EL

1
01 0 1 0 0 0 0 —Mg
39
O — g larg®2 — 1
15 =8 24 B, 10 1 -1 0 0 0 —My
M
39
0 0 28, +1 0 0 1 28 +1 1 1

Case 21212221, When xz; = 0 and M3 = 0 and Msq = 0 and M,5 = 0,

1

we take z% = e Ag a result, the MSC takes the following form:

1o

a 1 o 1 0 0 o a 1
1
Cig = E—IACEE-E =1 1 0 1 -1 0 o a M_i‘g"'fzg
o o 2, +1 0 0 1 28 +1 1 0

Casv: 212122221. %ﬂl Xg — 0 ﬂ.'ﬂd Mzg =0 -ﬂII.d Mgg =0 ﬂII.d Ml'E' =0

1

and M,q # 0, we take z° = . The MSC thereby reduces to the following
¥zg
form:
a 1 o 1 o i} o o a
Cip=g tag®* =B, 1 o 1 -1 0 0 0 1
0o 0o 2F,+1 0 0 1 28, +1 1 0

Case 212122222 We now consider the case xg; = 0 and M,z = 0 and
Msq = 0 and M, = 0 and M.q = 0; in this case the M5C 15 as followws:

0 1 0 1 o 0 0 0 0
-1 nd —
Cig = g tag®? = (,El 1 0 1 1 0 0 0 n)

o o0 z2f,+1 0 0 1 2/ +1 1 0O

Case 2122 This time we consider the case 1 + 45, = 0.

1
Myz = x3 +EJ’6-

= —4v? + Ayyez + 4dx3zv — 2X3ZVeZ — VEZ- + 2vXxeZ + Xz — 22ZVE,
+ ZZgVgZ,

1
Mzz = v3 +;}'.5J

1
Mzs = —2y° — Eyézz + 4yazy — 2y2zvez + 2VVez + Yoz’ — zyza,

Mgg. = 4‘_}’ — ¥sZ +Z.Zg.
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In the same way, in order to make the expression Miq vanish, we take

— ':.Ya_ﬂg}ﬂ_
—
i 1 EMlg 1 1] IEE =M 13 :1'5;- 32;“ 19
1
glarg®2o| -7 1 Ma 1 -1 0 zMy 0 z- Mg
1 1
o 0 - (| 1 - 1 0
2 2
1
Mz = x3 ‘|‘E}’s-
1
Myg = 4_}"5 + Vs,
M 4o 2o + )2 43
g = —XaqVe — XaZ —x — — X E Xq —— Ve +—=25,
19 3¥s 3Zg 263’5 259 94]’5 49
1 5 1 1 5
Myg = —¥3Vs — V329 +E}'5 - E}'-EZE" + ve + 539-

Case 21221. When M, 5 # 0. we take z = 1 In this case the MSC is as

13

follows:
_ . =l,r @I
Cig=g "A'g
1 1 1
1] 1 1 1 1] I,5 1 _IE 7 Ml?
M3 M3 Miq
1 1 1 1
=] —-—— 1 —M. 1 -1 0 — M. 1] M
4 M3 . M3 . Mi; *
1 1
0 0 — ] ] 1 — 1 ]
2 2
1 - .
Case 212221 When M,z = 0 and M, # 0, we take z = . This vields
1233
the following MSC:
1 1 1
1] 1 1] 1 1] 13‘.'5 1] .'-(56 _Mll}
M3 Maz M3
1 1
-1 ¢ @2
Cp=g A% =|-- 1 1 1 -1 0 1 0 —M
4 Mi =
1 1
0 o — 0 0 1 — 1 0
2 2
t.me/scupus_IST2100 https://ist-journal.uz
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Case 2122221 When M,; = 0 and M,3 = 0 and x, # 0, we take z = =

e

As a result, the MSC takes the following form:

1
0 1 0 1 0 1 0 1 —Mg
X
1 1
=g A% =|-- 1 0 1 -1 0 0 0 —My
4 Ig
1 1
o 0 - 0 0 1 - 1 0
2 2

Case 21222221, When M,; = 0 and M,; = 0 and x, = 0 and M, # 0,

we take z% = — The MSC thereby reduces to the following form:

19

L) 1 0 1 0 I T 1
! 1 0 1 1 0 0 0 ! M
- - 3 e
1 1
0 o - 0 0 1 - 1 0
2 2

Case 212222221 When M3 = 0 and M,; = 0 and x; = 0 and M, = 0

and M,g # 0, we take z° = —_In this case the MSC is as follows:

4

o 1 0 1 o © 0 0 0
0

-1 0o 1 -1 @0 o 1

o3 = g A% = 4 . .
0 g - 0 L] 1 - 1 0

2 2

Case 212222222 At the next step we deal with the case M;; = 0 and
M,; =0 and x; =0 and M;q =0 and M,y = 0; 1n this case the M5C 15 as

follows:

| =

[T I
[ I

Case 22_ As the next case we take z, = —1.
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In the same way, in order to make the expression My, vanmish, we take

y = ':.)’5_:9}3:
li] 1 =M 13 1 0 IEE 3M13 :1',5..-..- 32;'!f19
1
- . . 2
E—l‘qi‘g-ﬁlﬁ — —4 1 E'Mgg 1 1 0 _.Mga 0 Z ;'!fzg
1 1
o o0 - (| 1 - 1 0
2 2
1
Mz = x5 +E.’F5-
M.s = ! +
23 4}fe ¥z,
M - ! ! + L2 + 2
1 = —XqVe — XaZ —x — — X Xq —— Ve +—=3,
19 3¥s 3Zg 253’5 259 ] 43’5 49
1 . 1 1 5
Msg = —¥V3Ve — VaZg +E}’s ~5Ye%s + ve + g

Case 21221. When M,; # 0, we take z = > In this case the MSC is as

13

follows:

1 1 1
0 1 1 1 0 - Xg 1 Xg _QMI'?
Mys Mz Mis
1 1 1 1
=|-- 1 —M,;, 1 -1 0 — M. 0 — M
23 23 2 29
4 Mys Mys M1z
1 1
0 0 - 0 0 1 - 1 0
2 2
1 .
Case 212221, When M,z = 0 and M,; # 0, we take z = . This vields
bt
the following MSC:
1 1 1
0 1 L) 1 0 Xg a Xg Mll;u
Ma; M3 M3
Cop = g A% = 111 4 0 1 0 —u
4 M =
1 1
0 a — 0 0 1 - 1 0
2 2
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Case 2122221, When M,; = 0 and M,;3; = 0 and x; # 0, we take z = =

*g

As a result, the MSC takes the following form:

1
0 1 0 1 0 1 0 1 —Mg
*s
_1,;.3."-\' J‘
Ty = g AT = - 1 0 1 -1 0 0 0 x—gMzg
[
1 1
1] o — 0 0 1 - 1 0
2 2

Case 21222221, When M,; = 0 and M,; = 0 and x; = 0 and M,q # 0,
1

we take z° = . The MSC thereby reduces to the following form:
15
0 1 o0 1 0 o a0 0 1
1
-— 1 o 1 -1 o 0 0 —DM,
_ . 3 Mg

Cp=g A% = 4 Mis
1 1

0 L i 0 1 - 1 0
2 2

Case 212222221. When M,; = 0 and M,; = 0 and x; = 0 and M, = 0
1

and M.; = 0, we take z% = . In this case the MSC 1s as follows:

=9

] 1 0 1 1] o a o 0o
1
-— 1 0 1 -1 o 0 0 1
Coz =g 479" = 4 . .
0 a - a L] i - 1 0
2 2

Case 212222222 At the next step we deal with the case M;; = 0 and
M,z = 0 and xg = 0 and M, = 0 and M,¢ = 0; in this case the MSC 15 as

follows:
0 1 0 1 0 o a0 0 0
1
-—— 1 0 1 -1 o a0 o0 0
Ez* = 3—1ACEIE-2 = 4
1 1
] g - 0 0 1 — 1 0
2 2

Case 22. As the next case we take z, = —1.
5 1 1
Mg =2 (_Fsza + (_Ia + 539) Ve T 51’9) z + y(xg — 2v6) |z,

Myg = 32(.31}’%? — 2yavs + }’-;j + (3}’533 - 39]}’3' ‘|‘}'z-

Fory = —(vgz; + x3)z=:
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. - -
o 1 o 1 0 =M, 0 M, Mg

-1,c_@2 _ . 2
g Ag = -81 1 ZMza 1 -1 0 EMH 0 Z Mgg
0 0 Z3 ] 0 -1 Z3 -1 .TMag

Msz = _((_332 + By + 23)Vs — X323 + X3 _}'3)J

Mg = x5 — 2¥s,

Mg = —(2xg — 2ve) (vezz + x3) + (V25 + x5),

Mys = (—z3 + B1)¥vé + (2325 — 2y3)ye + x5 + Zox3 + Yo,
M3q = 2x3 + =4.

Case 221 When M,; # 0, we take z = Mi This vields the following

L&

MSC:
1
0 1 0 1 0 1 0 1 — My
Mg
Lo e 1 1 1
II:EE = EI_ A 3 s = ﬂl 1 M;a 1 —1 0 _MEE o _2"'{2'3
Mg Mg Mg
1
1] 0 Z3 1] 1) -1 Zg —1 _;'lfgg
Mg
1
Case 2221. When M, = 0 and M,; # 0, we take z = - As a result,
#ag
the MSC takes the following form:
1
0 1 0 1 0 © 0 0 —Mg
J."fzz
1 2 !
Cyg=g Ag® =8 1 1 1 -1 0 1 0 —F My
Mz
1
0 1] Z3 1] 1) -1 Z3 -1 MHI}
J."fzz

Case 22221, When M;; = 0 and M.z = 0 and M3e = 0, we take z = =

=

The MSC therebv reduces to the following form:

1

001 0 1 0 0 0 0 —5 Mg
' . il 1
P — — AE‘ =2 — 1
w=48 748 B, 1 0 1 -1 0 0 0 — Mgy
M
-t
0 0 z; 0 0 -1 z; -1 1

Casﬂ 222221. “Fhﬁﬂ. Mlﬁ =0 E.'ﬂd M23 =0 -a.ﬂ.d Mgg =0 Eﬂd MJ.'E + D,

we take z2 = Ml In this case the MSC 15 as follows:

1o
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0o 1 0 1 0 0 0 0 1
1
Cg=g A =B 1 0 1 -1 0 0 0 Emgg
0 0 z; 0 0 -1 z; -1 0

CE.S'E 1222221. “Fhen. MIE =0 a.ﬂd MZE =0 a.ﬂ.d Mgg =0 ﬂ.tld Ml? =0

1 . )
and M,y = 0, we take z° = - This yields the following MSC:
29
o 1 0 1 0 0 0 0 0
Cg=g 'A% =8 1 0 1 -1 0 0 0 1
0 0 =z O o -1 = -1 0

Case 2222222 We now consider the case M, =0 and M,; = 0 and
Mszq = 0 and M,5 = 0 and M>q = 0; 1n this case the MSC 15 as follows:

0 1 0 1 0 0 0 0 O

-1 i -
Cyg=g A% =|f 1 0 1 -1 0 0 0 0
0 0 z; 0 0 -1 z; -1 O

In this way, all possible cases have been examined exhaustively: at each branching point, the expression under
consideration (M;3, My, Mz, Myg, M3y, x4, etc.) was assumed either to be equal to zero or to be non-zero, and in

the latter case it was set equal to one by means of the corresponding free parameter (z or z?). As a result, the 30
leaves of the tree yield precisely the families C,,...,C,, listed in Theorem 1, which completes the proof of Theorem 1.

CONCLUSION AND SUGGESTIONS

In this paper, all three-dimensional commutative algebras containing the two-dimensional algebra A, (,,1)
as a subalgebra have been constructed over an arbitrary base field F satisfying Char(F)#2,3 and F?=F, and their
complete list has been presented in the form C,,..,,C,. The result was obtained by means of the apparatus of the
matrix of structure constants and a step-by-step normalisation method based on the isomorphism relation B=g*
Ag®?,

The following conclusions were reached in the course of the study. First, since Aut(A, (f,,1))={I}, the group
of basis changes preserving the subalgebra is restricted to the triangular matrices g that alter the vector e_3 only;
this confines the freedom available for normalisation to three parameters (x, y, z). Second, in spite of this restricted
freedom, all branches of the tree of cases were examined in full, and the tree turned out to have exactly 30 leaves.
Third, the list obtained differs appreciably in structure from the list constructed earlier in [3] for the subalgebra
A, (a,a,1-a, ), which clearly demonstrates the influence of the automorphism group of the subalgebra on the
outcome of the classification.

It should be emphasised that the list presented is the result of the first stage of the classification process,
and that in the general case the families in it may be repetitive; that is, some of the algebras in the list may well
turn out to be isomorphic to one another. For this reason, the following are proposed for further research: (i)
to compute, for the families CpenCop isomorphism invariants such as the automorphism groups, the derivation
algebras, the existence of an identity element, associativity and the cohomology groups; (ii) using these invariants,
to eliminate the redundant families and to form the final list of isomorphism classes; (iii) to apply the same scheme
to the remaining families of the list of two-dimensional algebras in [1] and thereby complete the classification of
three-dimensional commutative algebras; (iv) to study the cases Char(F)=2 and Char(F)=3 separately, since the
normalisations in the present work make use of division by 2 and by 3.
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